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Abstract. Let Aii and Ai2 denote two compact hyperbolic man- 
ifolds. Assume that the multiplicities of eigenvalues of the Lapla- 
cian acting on L^{A4i) and L^(A^2) (respectively, multiplicities of 
lengths of closed geodesies in Mi and 7^2) are the same, except 
for a possibly infinite exceptional set of eigenvalues (respectively 
lengths) . We define a notion of density for the exceptional set and 
show that if it is below a certain threshold, the two manifolds must 
be iso-spectral. 



INTRODUCTION 

By a hyperbolic manifold in this paper we refer to a quotient of a 
real, complex, quaternionic, or octonionic hyperbolic space. Specifi- 
cally, let G denote a connected semisimple Lie group of real rank one, 
K G G a maximal compact subgroup and H = G/K the correspond- 
ing symmetric space endowed with the hyperbolic Riemannian metric 
coming from the Killing form on q = Lie(G). Then for any uniform 
torsion free lattice T G G, the locally symmetric space Ai = T\H has 
the structure of a compact hyperbolic manifold. By the spectra of A4, 
that we also call the spectra of F, we refer to any one of the following 
notions described below. 

The Laplace spectrum is the set of eigenvalues of the Laplace-Beltrami 
operator acting on L'^{A4) listed with multiplicities. The representation 
spectrum is the set of vr e (5 occurring in the right regular represen- 
tation of G on L^(r\G) listed with multiplicities. Here G denotes the 
unitary dual of G, that is, the set of equivalence classes of unitary repre- 
sentations of G. We note that the representation spectrum determines 
the Laplace spectrum as the multiplicity of each Laplace eigenvalue is 
given by the multiplicity of a corresponding representation. We say 
that two lattices are Laplace equivalent (or iso-spectral) if they have 
the same Laplace spectrum, and we say that they are representation 
equivalent if they have the same representation spectrum. 
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The length spectrum (respectively primitive length spectrum) is the 
set of lengths of closed geodesies (respectively primitive closed geodesies) 
in Ai listed with multiplicities. The complex length spectrum is the set 
of pairs, length and holonomy class, of all closed geodesies listed with 
multiplicities, where the holonomy class of a closed geodesic is the 
conjugacy class in SO{d — 1), d = dim(A^) obtained by parallel trans- 
porting tangent vectors along the geodesic. We say that two spaces are 
length equivalent if they have the same length spectrum, and that they 
are complex length equivalent if they have the same complex length 
spectrum. 

When is a hyperbolic surface, Huber [Hu59j showed that the 
Laplace spectrum and the length spectrum determine each other (and 
they also determine the representation and complex length spectra). In 
higher dimensions the complex length spectrum and the representation 
spectrum still determine each other (see e.g. |Sa02j ). however, the 
relation between the Laplace spectrum and the length spectrum is more 
mysterious. 

In [Ga77j . Gangolli generalized Ruber's result to all hyperbolic man- 
ifolds, however, this generalization involves a different notion of length 
spectrum, we will call the 1-length spectrum, assigning to each length a 
certain real positive number (see remark [LT!) . His result implies in par- 
ticular that the Laplace spectrum of a hyperbolic manifold determines 
the length set (this is in fact true for all negatively curved manifolds 
|DG75] ). However, the question of whether it determines the multi- 
plicities, and the converse question of whether the length spectrum 
determines the Laplace spectrum were left open. 

In |BR10j . Bhagwat and Rajan showed that if two lattices satisfy 
that all but finitely many Laplace eigenvalues (respectively represen- 
tations) have the same multiplicities, then they are Laplace equivalent 
(respectively, representation equivalentEl) . In [BRll] they studied the 
length spectrum of real hyperbolic manifolds of even dimension, show- 
ing that if two lattices have the same multiplicities for all but finitely 
many lengths, then they are length equivalent. Similar results were 
previously shown by Elstrodt, Grunewald, and Mennicke in [EGMj 
Theorem 3.3] for the Laplace spectrum and 1-length spectrum of hy- 
perbolic 3- manifolds. Elstrodt, Grunewald, and Mennicke then asked 
if it is possible to prove the same result when the finite set is replaced 
with an infinite set of sufficiently small density in some suitable sense. 



The result on the representation spectrum is proved for any semisimple group 
not necessarily of rank one. 
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In this paper we give a positive answer to the question of Elstrodt, 
Grunewald, and Mennicke, for the Laplace spectrum, representation 
spectrum, 1-length spectrum, and length spectrum. On the way, we 
also answer a question of Bhagwat and Raj an |BR11] and show that 
the Laplace spectrum of any compact hyperbolic manifold is completely 
determined by its length spectrum (cf. |Di89] for a similar result for the 
spectrum of the Laplacian on forms). The second problem of whether 
the Laplace spectrum determines the multiplicities in the length spec- 
trum remains open. 

Remark 0.1. The results of Bhagwat and Rajan can be thought of as 
an analogue of the strong multiplicity one theorem for cusp forms. This 
theorem states that if / and g are two Hecke new-forms for which the 
eigenvalues of the Hecke operators are equal at all but finitely many 
primes, then they are equal at all primes, and f = g; see |La76t p. 
125]. (The analogy is only with the first part of the theorem, as there 
are examples of iso-spectral but not isometric hyperbolic manifolds; 
cf. |Su85t IViSOj .) Continuing with this analogy, our result can be 
compared to Ramakrishnan's refinement |Ra94j , stating that the finite 
set of primes in the strong multiplicity one theorem can be replaced 
with an infinite set, as long as it has Dirichlet density less than 1/8. 

In order to describe our results we need to introduce some more 
notation. For any uniform lattice T G G and any vr G (? we denote 
by mr(vr) the multiplicity of vr in L^(r\G'). For every i G (0, oo) we 
denote by mr(£) (respectively mp(£)) the number of closed geodesies 
(respectively primitive closed geodesies) of length £. We also denote by 
LSr (respectively LSp) the set of lengths of (primitive) closed geodesies 
in = ryn. Let G = NAK be an Iwasawa decomposition of G and 
let M denote the centralizer of A in K. For any a G M let iTa^v, G iM 
and TTg-i^, u G (0,p) denote the unitary principle and complementary 
series in G where p = pc denotes half the sum of the positive roots for 
{G,A) (see section [TTT] for more details). 

For any two lattices ri,r2 C G and every a G M we define the 
following spectral density function to measure the difference between 
the (principal part) of the representation spectrum. 

(0.1) D^(ri,r2;T)= ^ |mri(7r^,,.) - mr2(7r^,v)|. 

ueiR, \u\<T 

We think of the asymptotic growth rate of these functions as T — oo 
as describing the "density" of places for which the multiplicities are 
different. We note that this captures more information as it also takes 
into account by how much the multiplicities differ. Using this notion 
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we prove a refinement of [BRlOt Tlieorems 1.1 and 1.2] for real rank 
one groups. 

Theorem 1. Let G denote a real rank one group and ri,r2 C G two 
uniform lattices without torsion. 

(1) Let 1 G M denote the trivial representation. If 

lim "''r.,r.;r) 

T^oo T 

then Ti and T2 are Laplace equivalent. 

(2) Letm C M be a finite set. If 

r-i>oo T 
then Ti and r2 are representation equivalent. 

Remark 0.2. The finite set !B above can also be replaced by an infi- 
nite set satisfying a certain sparsity condition. Moreover, when M = 
SO(2),SO(3) or SU(2) we can naturally identify M with N and this 
condition is then essentially that ® is of density zero (see section | 



For any two lattices ri,r2 C G we also define a length density 
function 

(0.2) B^{r,,r,;T) = J2 |m^^(£) -m°^(£)|, 

where the sum is over i G LSp^ U LSp^- Our first results on the length 
spectrum is of a slightly different nature than the results in |BR10[ 
IBRllj . in the sense that we start with (partial data) on the length 
spectrum and retrieve the Laplace spectrum. 

Theorem 2. Let G denote a real rank one group and ri,r2 C G two 
uniform lattices without torsion. If Di^{ri,r2]T) < e""^ with a < pc, 
then Ti and T2 are Laplace equivalent. 

Corollary. // two compact hyperbolic manifolds are length equivalent 
then they are Laplace equivalent. 

For hyperbolic surfaces the Laplace spectrum determines the length 
spectrum, hence, for surfaces the threshold in Theorem [2] also implies 
that the two lattices are length equivalent. 

Remark 0.3. It is interesting to compare this to the result of Buser 
[Bu92l Theorem 10.1.4] showing that there is a constant c((y',e) such 
that if two hyperbolic surfaces of genus g and injectivity radius > e 
have the same multiplicities for all lengths < c{g,e), then they are 
length equivalent. 
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In higher dimensions, we do not know if the Laplace spectrum de- 
termines the length spectrum. Nevertheless, with the exception of the 
odd dimensional real hyperbolic spaces, if we impose a smaller thresh- 
old for the growth rate we are able to recover the length spectrum 
directly. Specifically, for each of the rank one groups we define the 
threshold 

( G = S0o(2n + 1,1), n G N 
(0.3) aoiG)=l 1/2 G = SOo(2n + 2,l), n G N 

I 1 otherwise 

With this threshold we can prove a refinement of |BRllt Theorem 1]. 

Theorem 3. Let G denote a real rank one group and ri,r2 C G 
two uniform lattices without torsion. If Di^(Ti,T2',T) < e""^ for some 
a < aQ{G), then Ti and r2 are length equivalent. 

For odd dimensional real hyperbolic space the threshold = so the 
statement is empty. In this case, even assuming that m^_^{i) = m^^{i) 
for all but finitely many values of £ we were not able to prove that Fi 
and F2 are length equivalent. However, from Theorem [2] we know that 
they must be Laplace equivalent and hence must have the same length 
set and the same volume. Using this fact we can show 

Theorem 4. Let Fi,F2 C S0o(2n + 1,1) denote two uniform lat- 
tices without torsion. //mp^(£) = m.Y2i^) /^'^ '^^^ ^ ^ {h,---^k} then 
ii, . . . ,ik are rationally dependent. In particular, if k = 1 then Fi and 
F2 are length equivalent. 

We now discuss the sharpness of our thresholds for the density func- 
tions. Regarding Theorems [3] and HJ we note that there are no known 
examples of hyperbolic manifolds that are Laplace equivalent but not 
representation equivalent. It is thus possible that the correct threshold 
is actually the same as in Theorem [2j 

For Theorem |2] we recall the Prime Geodesic Theorem |Ga77[ IMaGO] . 
stating that 



e2pT 



2pT 

Our threshold is thus roughly the square root of the trivial bound 
Dl(Fi, F2; T) < 2Li(e2p^). We note that this is analo gous to the thresh- 
old in the result of Soundararajan |So04] on strong multiplicity one for 
the Selberg class. On the other hand, the analogy with the density 1/8 
result for cusp forms may lead to the suspicion that the correct thresh- 
old should be of the form cLi(e^''"'") with some c < 2 a sufficiently small 
constant. Though we do not know if our threshold of e''^ is sharp, we 
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show that such a positive density threshold cannot hold. Specifically, 
borrowing examples from |LMNRj we show 

Theorem 5. For every e > there are non iso-spectral ri,r2 C G 
satisfying 

hmsup — . , ^, — < e. 
T^oo Li(e^''^) 

Remark 0.4. We note that the co-volumes of the lattices we use in 
the proof go to infinity as e — )■ 0. It is thus still possible that a posi- 
tive density threshold can hold under the additional assumption that 
the volumes are uniformly bounded. See section 15.61 for a similar phe- 
nomenon in the analogous context of arithmetically equivalent number 
fields. 

For the representation spectrum we suspect that our threshold is not 
optimal. We recall that the Weyl law for the principal spectrum is 

J2 mr(vr.,.) ~ C dim(a)vol(r\G)T^ 

\u\<T 

with d = dim(G'/i^') and C an explicit constant depending on G (see 
|MV83j l Consequently, the trivial bound for D„(ri,r2;T) is 0{T'^) 
and the correct threshold could very well be 

lim ^^(El^lllll = 0. 

or even a positive density threshold of the form D^{ri,r2',T) < cT'^ 
with c a sufficiently small constant. We note that the first condition 
implies the two lattices at least have the same co-volume. 

We conclude this introduction with a brief outline of the paper. In 
Section [1] we introduce some notation and recall some basic results on 
the spectral theory of symmetric spaces. In section [2] we give the proof 
of Theorem [1] using the Selberg trace formula. Our proof is similar to 
the original proof of [EGMl Theorem 3.3]; the new ingredient which 
allows us to improve on their result is the use of more general test 
functions in the trace formula (instead of just the heat trace). In section 
El we develop a new trace formula in which the geometric side involves 
the length spectrum directly. The price we have to pay is that on the 
spectral side, in addition to the Laplace spectrum, we have contribution 
from other representations occurring in L^(r\G). In section H] we show 
that, by using suitable test functions in the trace formula, we can 
isolate the contribution of each of those representations. This enables 
us to prove Theorems [2|3| and HI Finally, in section [5] we recall the 
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construction in |LMNR] of lattices with the same length sets and use 
it to prove Theorem O 

Acknowledgments. 1 thank Ben McReynolds and Alan Reid for ex- 
plaining their construction of spaces with the same length sets. I also 
thank Peter Sarnak and Masato Wakayama for clarifying a few points 
regarding the trace formula. This work was partially supported by NSF 
grant DMS-1001640. 

1. Notation and preliminaries 

We write A B or A = 0{B) to indicate that A < cB for some 
constant c. We also write A ^ B to indicate that A < B < A. 
We write A{T) ~ B{T) if A{T)/B{T) 1 and A{T) = o{B{T)) if 
A{T)/B{T) ^ as T ^ oo. 

1.1. Basic structure on symmetric spaces. Let G denote a con- 
nected semisimple Lie group of real rank one, K (Z G a maximal 
compact subgroup and T-i = G/K the corresponding symmetric space. 
That is G = S0o(7^ + 1, 1), SU(n-|-l,l), Sp(n, 1) or F// and "H is real, 
complex, quaternionic, or octonionic hyperbolic space respectively. 

Fix an Iwasawa decomposition G = NAK and let q = n©a©t denote 
the corresponding decomposition of the Lie algebra q. Let M, M* C 
K denote the centralizer and normalizer of A in i^' respectively. Let 
W = W{G, A) = M*/M denote the baby Weyl group; since we assume 
that dim(a) = 1 then \W\ = 2 and we write W = {l,w}. We denote 
by S = Ti{G, A) the set of restricted roots for the pair [G, A) and 
by S+ the set of positive restricted roots, then either S+ = {a} or 
= {a, 2a}. Let p = pc denote half the sum of the positive roots, 
that is, 

(dim(ni) + 2dim(n2))a; 
^~ 2 

where n = rii © n2 is the decomposition into the root spaces of ai 
and respectively. We fix (once and for all) an element H E a with 
a{H) = 1 and for any t G M we denote by at = exp{tH) G A. We can 
identify the dual spaces a* = M and = C via v = i^iH). With this 
identification p = '^i™("i)+^2dim(n2) ^ 

1.2. The unitary dual. Let G, K, and M denote the unitary duals of 
G, K, and M respectively. For any cr G M we denote by vTo-^y, u E iM. 
the principal series representations and by tTo-^^, v G (0,p) the comple- 
mentary series representations. 
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The action of M* on M (by conjugation) induces an action of the 
Weyl group W — {l,w} on M . We note that under this action T^cr,ii> — 
T^wa-iv and that these are the only pairs of equivalent principal series 
representation. Wc say that a representation o" G M is ramified if o" = 
wa and unramified otherwise, and we recall that there are unramified 
CT e M only when G = S0o(2m + 1, 1). 

We denote by Gc the set of equivalence classes of the principle and 
complementary series representations, and by & — G \ Gc (that is, & 
is the set of equivalence classes of discrete series representation, limits 
of discrete series, and Langland's quotients). 

For any tt G G we denote by Xir the infinitesimal character of tt. 
We denote by VIg the Casimir operators of G. Since G is of rank 
one the character Xn is uniquely determined by its value on Qq- For 
TT = '^a,u £ Gc we have that X(t,u{^g) = '^^ ^ + Xo-(^m) where Qm 
denotes the Casimir operator of M (appropriately normalized). For 
any A G C we denote by G(A) the (finite set) of representations with 
X^i^G) = A and by 6(A) = 6 n G{A). 

1.3. Closed geodesies and conjugacy classes. For any 7 G F we 

denote by [7] G F* its conjugacy class. Since Ai is of negative cur- 
vature, there is a natural correspondence between conjugacy classes in 
F = 7ri(A^), free homotopy classes of closed curves in M., and (ori- 
ented) closed geodesies. 

We say that an element 7 G F is primitive if it cannot be written 
as 7 = ()■' for some other 5 G F; note that this only depends on the F- 
conjugacy class. To any [7] G F*, we define the primitivity index ji^j) 
as the unique j G N such that 7 = 5^ with 5 G F primitive. Under the 
above correspondence, a closed geodesic is primitive if and only if the 
corresponding conjugacy class is primitive. Moreover, the primitivity 
index ^(7) is the number of times the geodesic wraps around itself. 

Any hyperbolic 7 G F is conjugated in G to an element m^ae^ G 
where = {(it\t > 0}. Here £^ is uniquely determined by [7] 
and is determined up to conjugacy in M. The pair {i^, [m^]) is then 
precisely the length and holonomy of the closed geodesic corresponding 
to [7]- 

1.4. The (7-length and representation spectra. To any irreducible 

representation o" G M we attach two function L-p^a '■ IR^ — ?■ K and mr,o- : 
(0,p) U — )■ N, we call the cr-length spectrum and cr-representation 
spectrum respectively. These two functions are closely related via the 
Selberg trace formula. 
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^ 2j(7)^(7)^ 



[7]er# 

where Xa is the character of a and 
(1.1) D{^) = eP'-'\det{{Ad{m,a,X' - n\n)l 

is the Weyl discriminant. When a is unramified we also define 
L^^^{i) = Lr,M)±Lr,U^). 

Remark 1.1. The definition of the length spectrum of a hyperbolic 3- 
manifold given in [EGMl Definition 3.1] coincides with what we call 
the 1-length spectrum, that is, the a-length spectrum for a = 1 the 
trivial representation. 

In order to define the a-representation spectrum we fix a virtual 
representation rj = Y2r&k '^'^^ with (a,- G Z almost all zeros) such that 
V\m — (respectively cr + wa if cr is unramified). Let k^^y = Xa^ui^c) 
and let (3 = G \ Gc- For vr G 6 we denote by ar(7r) the corrected 
multiplicity given by 

mr((X') — vo\(T\G)duj vr = w in discrete series 
mr(7r) otherwise ' 



ar(7r) 



with the formal degree of u. The ex-representation spectrum is given 
by 

(1.2) mr,a('^) = mr(7r^,i.) + ^ ar(7r)[7r|^; 77], 

where [tti^^;//] = ^ aT-[7r|^,; r]. For cr unramified we also define mp(z/) 

by 

(1.3) m^^^{u) = mr{TCcT,u) + 'o^riT^wa,u) + ^ mr(7r)[7r|^^; r^]. 

7re6(ACT,y) 

and 

(1-4) ™r,ai^) = mr(vr^,,.) - mr(7r^„a,/.) 

We note that by |Mi82l Theorem 1.2] the cr-representation spectrum 
does not depend on the choice of rj. Also, since representations vr G © 
have a minimal i^'-type (see [KnSGj Chapter XV]), then for any fixed t], 
there are only finitely many tt G © for which [tt\^; rj] ^ 0. In particular, 
for a E M fixed, mr^o-(z/) = mr(7ro-,v) for all but finitely many values of 
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V. Moreover, for cr = 1 trivial, mr,i(z^) = mr(vri^j,) for all u. For any 
a G M we define the a-spectral set as 

Sv,a = {ye U (0,p)| mr,.(z/) ^ 0}. 

1.5. Trace formula attached to cr. Building on the Selberg trace for- 
mula developed in [Wall IWarj , Sarnak and Wakayama |SW99] derived a 
trace formula attached to each irreducible representation a G M. They 
derived this formula in general for a (possibly) nonuniform lattice. We 
will write it down only for the simpler case of a uniform lattice without 
torsion. The derivation in this case is much simpler as there are no 
contribution from continuous spectrum or unipotent elements and the 
treatment of the multiplicities of discrete series is straight forward. 

Remark 1.2. For the case of a uniform lattice this formula, with a 
special test function coming from the fundamental solution to the heat 
equational, was already derived in |Mi82t IMV83] . We note that, in 
addition to the treatment of non-uniform lattices, another new features 
in [SW99 J which is crucial for our application is the use of general test 
functions. See also |Di89] for a similar trace formula. 

For F C G a uniform lattice without torsion the trace formula cor- 
responding to 0" G M takes the following form (see |SW99l Theorem 2 
and Theorem 6.5] B 

• For cr G M ramified, for any even g G C^(M), 

(1.5) ^ m.T^a{i^k)g{ii^k) = vol(r\G) / g{iy)jj,^{iy)di' 

^GLSr 

where g denotes the Fourier transform of g and ^„{v)dv is the 
Plancherel measure. 

• For a & M unramified, for any even g G C^(M) we have the 
same formula but with mjt^, Ljt^ and /i+ = 2ii„. In addition, 
for any odd g G C^(M) we have 

(1.6) mr(vr.,.J^(^z/fc) = 

Remark 1.3. For any virtual representation rj = ^ a^-cr of M, we can 
define mr,,,, Lr,,; and /i,, as the corresponding weighted sums. With this 



^We corrected here a few typos from the formulas in |SW99j and in particular 
the mistake in |SW99[ Theorem 6.5 (2)] for an odd test function. 
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convention, the above trace formula holds for any virtual representation 
and not just the irreducible representations. 



2. Proof of Theorem [T] 

Let G denote a fixed semisimple group of real rank one and Fi, r2 C 
G two uniform lattices without torsion. Throughout this section we will 
keep the two lattices fixed and suppress them from the notation. In 
particular, we will denote Am^r = mri,cr — mra,^, AL^ = Lri^a — Lr2,a, 
AV = vol(ri\G)-vol(r2\G), LS" = Ls;^^ULS^^ and = SriaUSr2,a- 

2.1. Density results for a fixed ex. As a first step, for each fixed 
(T G M we will use the trace formula to relate the a-representation 
spectrum to the a-length spectrum. In particular, we show that we 
can recover the cx-length spectrum from the a-representation spectrum 
and vise versa, and moreover, to do that all we need is to know one of 
them up to an error of density zero. 

Proposition 2.1. For any fixed a E M if 

lim i lAm^WI =0, 

\u\<T 

then vol(ri\G) = vol(r2\G) and AL^{i) = for all £. 

Proof. Assume first that a is ramified. The equality of the volumes 
follows from Weyl's law for the principal series (see }MV83t Corollary 
1]). It remains to show the equality for the a-length spectrum. To do 
this we will use the trace formula with an appropriate test function. 

Fix g G C^(R) even and supported on [—1,1] with g{0) = 1. Fix 
io e (0, oo) and let grii) = g{T{i - 4)) + 9{T{i + io)) for T a large 
parameter. Taking the difference of the trace formulas for Fi and F2 
applied to gr we get 

(2.1) Yl ^^A^^k)9T{^k) = Yl 9T{i)AL,{i). 

Note that the term involving the volume cancels out. 

Since the function gx is supported on [£o — , ^0 + 5^] U [—io — , —io + 
^], for T sufficiently large the right hand side of (12. ip is given by 
ALo-(i'o)(l + fl'(2T£o)) which converges to AL^^io) as T — )■ 00. 
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On the other hand, grii^) = f^^(f:)2 cos(z/£o) is bounded by ^\g(j;)\ 
for 1/ e R and by §^g{j^) cosh(p£o) for u e i(0, p). We can thus bound, 

The first (finite) sum goes to zero in the limit and for the second sum, 
using the fast decay of g{i') < for i/ e R we can bound 

i^|Am.K)||^(^)| = 

^ oo 

i=i Wkmj-i),Tj] 

E iAm.K)i). 

j=l ■' y |r.fc|<jT / 

From the assumption that ^ X^|y^|<T | Amo.(ii/fc) | ^ as T ^ oo it 
is not hard to see that the above sum also goes to zero in the limit. 
Comparing this with the right hand side, we get that |ALo-(£o)| = 0. 

When a is unramified, we recall that mo-(z^) = m(7ro-,;/) = m(7r^cr,-;/) 
for all but finitely many values of u. Consequently, we have that also 

lim I- V |Am^(i/)| = 0. 

\v\<T 

Using the same argument we get that ALo- + AL^^- = 0, while a similar 
argument with an odd test function gives AL^- — AL^^ = 0, implying 
that AL^ = AL^^ = 0. □ 

Remark 2.1. We note that the last argument using the trace formula 
with an odd test function is only needed when l-L is real hyperbolic 
space with dim(?^) = 1 (mod 4). Indeed, when dim('H) = 3 (mod 4) 

any ramified a E M satisfies Xcrii^) = XwaiiT^'^) ■ Consequently, since 
= ^^-1 and m^-i = m'^^, we get that in this case Lr,o-(^) = -^r,ioo-(^) 
automatically. We note however that this is not the case when dim % = 
1 (mod 4). Here, X(t("^) ^ X«;ct("^~^) and there is no obvious reason 
to suspect that L^^a — Lr,wa in this case. 
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Proposition 2.2. For any ramified a G M, if 

lim i^|AM£)| = 0, 

1<T 

then /S.m.^{v) — for all v e (0, p) UilR. When a is unramified we have 
the same result with Am+(i/) and AL+ instead. 

Proof. We will write down the proof for ramified a, the proof in the 
unramified case is identical. 

Wc first show that Amo-(z^) = for all u G (0,p). Indeed, if not 
let G (0,p) denote the largest element for which Amo.(t'o) 7^ and 
consider the test function 

. / X iyoSm{Tiy)g{iy) 

with g G C^(M) even, supported on [—1, 1] with g{Q) ~1 and satisfies 
that g{ii'o) ^ 0. Taking the difference of the trace formulas for Fi and 
r2 we get 

Am^ {tUk)gT{iyk) =AV gT{y)ii„{v)du + J] 5t(^)AL^(£) 

For any u G (0,p) with u < uq we have that griii^) ^ ^T^i^o-i^) and 
gTiivo) = 1. For i/ G (0,1) we can bound \gT{'i^)\ < ^-jj^^ ^nd for 

V G [l,oo) we have |^T(i^)| ^ sinh(Ti/o) • Consequently we get that as 
T — 7> oo the left hand side of the trace formula converges to Amfjiyo). 
To estimate the right hand side, we can bound the integral 

1 f°° T + 1 

smh(z/oT) smh(z/oT) 

For the sum, note that gr is given by a convolution 

sinh(Tz/o)5'(«z/o) 

where 1^ is the indicator function of [— T, T] . In particular, g-r is 
supported on [-T - 1,T+ 1] and satisfies \gT{^)\ < — implying 
that 
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So as T — )■ OO the right hand side goes to zero implying that Am^^uo) ~ 
as well. 

Next we show that Am^liu) = for all z/ G M. For this we fix 
uq G [0, oo) and consider the function gri^) = ^g{^)'^cos{ii'o), so that 
gri^) = giTiv — vq)) + giT^u + uq)). Since we already showed that 
Amo-(z/) = for 1/ G (0, p) the difference of the trace formulas takes the 
form 

Am^{wk)gT{i^k) = AV gT{i^)iia{v)dv + y^^gT,x{^j)AL„{ij) 

A simple change of variables shows that the integral J^gT{i^)lJ'a{^)di^ 
goes to zero as T — > oo. The sum 

(2.2) \J29T{ij)/^L^m < ^ E 

also goes to zero by our assumption. 

Next we estimate the left hand side. Let 5 > be such that 

mri,a(^i^fc) = mr2,a(^'^fc) = for all Uk e [^o - + S\ \ {vq}- The 
left hand side of the trace formula can be written as 

Am^{ivQ)gT{vo) + ^ Am^{ivk)gT{^k) 

The first term is Amo-(iz/o)(l + o(l)) as T — )■ oo. For the rest of the sum 
we can bound | Amg.] < mri,o- + mpj.o- and for each of the two lattices 
we have 

Y '^TAi^k)\gT{^k)\ = Yj mr,a(ii/fe)|^T(i^fe)| 

oo 

+ X] Y '^T,a{^^k)\gT{l^k)\ 

3=1 \vk-VQ\&\j,j+l) 

Using the fast decay of g we can bound |^T(i^)| i^Ar ^rp- for |i/ — vq\ > j 
and \gT{i')\ < ^ for \v — vq\ G {5, 1) implying the bound 

Y '^T,a{i^k)\gT{^k)\ 

~ 1 \ 
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Since for N sufficiently large (depending only on the dimension) the 
sum 

oo ^ 

i=i Wk-n)\elj,j+i] 
converges we get that the left hand side of the formula converges to 
Amcriii^o), and since the right hand side goes to zero we have Amo-(iz/o) = 
0. □ 

Since mr,o-(i^) = mri^Ticr,!/) for all but finitely many values of u we 
have that 

J2 |Am.(z/)| =D.(ri,r2;r) + o(i). 

\u\<T 

Thus, combining Propositions 12.11 and 12.21 we get 

Theorem 6. For any fixed a E M the following are equivalent 

(1) hm^^^ D^(ri£^ = 0. 

(2) limr->oo ^ ^e,<T \LruA^j) - Lr^A^j) \ = 0. 

(3) Fi and T2 are a-length equivalent, a -representation equivalent 
and^io\{Ti\G) = vol(r2\G). 

2.2. Proof of Theorem [1]. The first part is a special case of Theorem 
El with (7 = 1 (recall that mr,i(z/) = mr(vri j,) is the multiplicity of the 
eigenvalue — v"^). We also note that the second condition in Theorem 
O with (7 = 1 gives an analogous result for the 1-length spectrum. 

For the second part, let !B C M be a finite set and assume that 
Da(ri^r2;T) _^ for all a G M \ ^. From Theorem [6] we get that 

vol(Fi\G) = vol(F2\G) and Lr^,, = Lp,,, for all a G M \ 03. We will 
show that Fi and F2 have the same complex length spectrum and are 
hence representation equivalent. 

Fix an arbitrary length £0 ^ (0, 00) and holonomy mo € M . Since 
there are only finitely many geodesies of length ^Q we can find B C M* 
a small open neighborhood of [mo] satisfying that {[m^]|£^ = fojH-B C 
{[mo]}. Let F G C°°(M) denote a smooth class function supported on 
B satisfying that F{mo) = 1 and that 



Jm 



for all (T G Since these are finitely many conditions we can clearly 
find such a function. We then have an expansion 

o-eM 
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with 

Y,\F{a)\ <oo, 

cr£M 

absolutely converges and -F(cr) = for all a G 53. 

Next let g G C^(]R) be even and supported on a small enough neigh- 
borhood of io such that LSr^ U LSpj intersects its support at {Eq} and 
satisfy g{io) = t^^D{mQai^). We then have 



m^=mo 



Expand F{m^) and change the order of summation (note that all series 
converges absolutely) to get 

Since the right hand side is the same for F = Fi and F = F2 then so is 
the left hand side, implying that 

y — = y — . 

Since this is true for any pair {£0,1710) we get that the complex length 
spectrum is the same. 

2.3. Further refinement. We note that the above proof will still work 
if we replace the finite set 23 with an infinite set, as long as it is suf- 
ficiently sparse so that for any small neighborhood B C M* we can 
find a smooth class function F supported on B with F{cr) = for all 
a G 23. 

When M = SO (2) we can identify M with Z where = e''"^ 

while for M = S0(3) or SU(2) we can identify M with N where 
Xo-„(^) = ^^i^n(g) ■ For these cases the following lemma shows that we 
can take the set ® to be any set satisfying that 

(2.3) #{n em:\n\<T}< T", with a < 1. 

Lemma 2.3. Let "18 G "Z satisfy (12. 3p . Then for any 6 > and 

00 G [0, 27i) there is f e C°°(Z/27rZ) supported on {Oq - 5, + 5) with 
f{9o) = 1 and fin) = for all n e "B. 
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Proof. Since the Fourier transform of f{6 — 9q) vanishes together with 
the Fourier transform of f{9) we may assume that 6'o = 0. Also, since 
we may always renormalize, it is enough to show that there is / G 
C^(M) not identically zero that is supported on (—5, 5) with f{n) = 
for n G 53. 

Let (3 G (a, 1) and let fi G C^(]R) be smooth and supported on 
{—6/2, 5/2) with Fourier transform satisfying ^ e"'"'^''^ for ^ G M. 
We note that a compactly supported function with this decay exists for 
any (3 G (0, 1) (see e.g. |Au06t Lemma 6]) and we can make the support 
as small as we want by dilation. The support of /i implies that /i can 
be extended to an entire function on the complex plane of exponential 
growth \ f,{z)\<exp{6\z\/2). 

Next consider the function defined by the infinite product 

AW = 11(1 -^)- 

n€<B 

The condition (12. 3p implies that the product converges (uniformly on 
compacta) to an entire function with exponential growth |/2(-2)| ^ 
gC|2;|°_ This function clearly vanishes on 53 (but it is not the Fourier 
transform of a compactly supported function). 

We now define f{z) = fi{z)j2{z), then / is entire of exponential 
growth 1/(2)1 < e'^l^l/^"^'"!^!" < e'^'^', and it still vanishes on 53. More- 
over, on the real line it decays like 

1/(01 <e^l^l"-l^l^ <^^. 

Consequently, the Paley Wiener Theorem (see [Ru66t Theorem 19.3]) 
implies that / is the Fourier transform of a smooth function / that is 
supported on (—5, (5). □ 

3. Alternating trace formula 

In the proof of Theorem [1] we used the fact that the a-representation 
spectrum appearing in the trace formula is essentially given by the mul- 
tiplicities of the principal series representations. The relation between 
the (T-length spectrum and the length spectrum is not that straight 
forward (even for trivial a). In this section we develop a new formula 
(which is an alternating sum of trace formulas corresponding to cer- 
tain virtual representations of M) where the geometric side involves 
the length spectrum directly. Precisely we show 

Theorem 7. Let G denote a real rank one group and T G G a uniform 
lattice without torsion. Let m = pc — o:q{G) G N, then there are 
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m + 1 virtual representations rio,rii, . . . ,rim of M, with rjQ the trivial 
representation such that for any even g G C^(]R) we have 

^epLSr i=i ^^-^ ' 



2 



where gq{v) = g{v + i{m — q))+g{v + i{q — m)), and the weight function 
ip is given by 

( 1 G = S0o(2n + 1,1) 

(3.1) V^W=< 2sinh(|) G = S0o(2n + 2, 1) 

y 2sinh(£) otherwise 

Proof. In order to derive this alternating formula we expand the Weyl 
discriminant (11 .ip as a sum of characters of representations of M. 
Specifically, we will show in Proposition 13.51 below that 

m 

(3.2) D(7) = ^{Q ^(-l)^(e('"-^)^ + e('?-"^)^-)x,,(m,), 

with tjq, . . . ,rim certain virtual representations of M with r/Q trivial. 

Now, since any 7 e F can be written in a unique way as 7 = 6^ with 
5 e r primitive, we have 

V^m°mV^ = v^V-^ 

eeLs° j=i ^^-^ ' f6LSr ' [7] 



£.,=£ 



Plugging in the expansion for .0(7) = -0(7) from (13. 2p in the numerator 
we get 



^eLS° j=l ^ ' g=0 £gLSr [7] 



(3=0 ^SLSr 
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where gq{i) = g{i){e^''^~'^^^ + e^^"™)^). We conclude the proof by apply- 
ing the trace formula attached to each of the virtual representation rjg 
separately. □ 

Remark 3.1. For the odd dimensional orthogonal groups the represen- 
tations rji, . . . ,rim are actual irreducible representation. For the other 
groups, it is also possible to obtain a similar formula using irreducible 
representations instead of virtual representations by using appropriate 
linear combinations of the Qq^s. 

The rest of this section will be devoted to the proof of the expansion 
(13.21) for the Weyl discriminant. 

3.1. The Adjoint representation. In order to expand the Weyl dis- 
criminant 

D(7) = e^'-l det((AdKa,J-i - 

as a sum of characters we first need to understand Ad(My4) and in 
particular its restriction to rii and n2. Denote by rii = dimui and 
n2 = dimn2. From the definition of Ui and n2, for a£ = exp{iH) G A 
we have that Ad{a£)\^ = e^I and Ad(a^)|„ = e^^/. The following 
proposition describes the action of Ad(M). 

Proposition 3.1. For the orthogonal group S0o(^ + 1, 1), M = SO{n) 
and the restriction o/Ad(M ) ton = xii is the natural isomorphism. For 
the unitary and symplectic groups the restriction of Ad{M) to nj, j = 
1,2 gives a homomorphism lj : M ^ SO(nj). For G = FII, M = 
Spin(7) and the restriction of Ad{M) to Ui and n2 is the 8-dimensional 
spin representation and the 7-dimensional orthogonal representation 
respectively. 

Proof. For the orthogonal group this is clear. For the unitary group 
G = SU(n + 1, 1), we write its Lie algebra as 

0= {(r* d) l«eMat„+i(C),6GC'^+\a* = -a,rf=-Tr(a)|, 

and the Lie algebras in the Cartan decomposition q = p(Bi are given by 
P = I G s}, and « = I °^ G s|. We write any b G C"+i 

as 6 = with t> G C" and c G C. Then a C p is the real subspace 
~ 1 1^ ~ (^c) , c G Mj- and the root spaces tti and n2 are 
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given by 



ni 





(-1- 


V 





























of dimension ni = 2n and 














n2 = < 




-d 


d 


deC,d + d* 






-d 


d) 









which is one dimensional. We get that M, the centrahzer of A in 
is given by 

0' 



M 




u e U(n), X e U{1), x'^det{u) = 1 



A simple computation then shows that the adjoint action of M is trivial 
on n2 and that Ad(m)X„ = mX^m^^ = X^^uv Fixing the standard 



basis Xp, , Xi, 



J 



for Ui (recalling the natural inclusion 



U{n) C S0(2n)) we get a homomorphism from M to S0(2n). 

For G = Sp(n, 1) repeating the same arguments replacing C with 
the quaternions H we get 







V 













:) 
















d em,d + d* ^0 



of dimension rii — A{n — 1) 
of dimension n2 

0\ 

u e Sp(n - 1), X e Sp(l) det{u)x^ 














i) 









M 




On Ui we have Ad(m)X^, = Xuvx* and fixing a suitable basis for = 
(^2n ^ ]^4n gjygg fiomomorphism from M to S0(4(n — 1)). On x\2 the 
action is given by Ad(m)yd = Y^dx* and choosing a suitable basis this 
gives a homomorphism into SO (3). 

Finally, for G = FII we have that rii is 8-dimensional and n2 is 

7- dimensional. The smallest irreducible representation of M = Spin(7) 
is the orthogonal representation which is 7-dimensional and the only 

8- dimensional irreducible representation is the spin representation. Let 
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t denote a maximal commutative subspace of m so that f) = t © a is a 
Cartan algebra for q. Since the root spaces for [) are one dimensional, 
any subspace of rij on which ad(t) acts trivially is at most one dimen- 
sional. Consequently, the action of ad(m) is not trivial on Ui and n2, 
and hence the restriction of Ad(M) to n2 gives the orthogonal repre- 
sentation and the restriction to rii is either the spin representation or 
a direct sum of the orthogonal and trivial representation. Finally, we 
note that the latter cannot hold as it would imply that the center of 
M acts trivially on n. 

□ 

Remark 3.2. For the unitary and symplectic groups the homomorphism 
61 : M — )■ SO(ni) is not the standard inclusion \J{n) C S0(2n) (respec- 
tively, Sp(n — 1) C S0(4(?T, — 1)). In particular, when n = 2 this 
homomorphism has a nontrivial kernel. The homomorphism L2 is triv- 
ial for the unitary group and factors through the natural isomorphism 
Sp(l) = S0(3) for the symplectic group. 

Corollary 3.1. The Weyl discriminant can be factored as 

D(7) = I det(e-^-/2/„, - e'-/h,{m^mdet{e-'-h, - e'H2{m^))\. 

3.2. Representations of the orthogonal groups. Next, we want 
to expand each one of these determinants as a linear combination of 
irreducible characters. To do this we recall some facts about the repre- 
sentation theory of the orthogonal groups that we will need. We refer to 
|Kn02t Chapter V] for background and more details on representation 
theory of compact groups. 

The irreducible representations of the orthogonal group are param- 
eterized by their highest weights: When n = 2m the possible highest 
weighs are 

sb(2m) = ajCj : ai > . . . > a„_i > |a„|, — aj G Z, 2aj G Z}, 

j 

and when n = 2m + 1 they are 

sb(2m + 1) = Cijej '■ ai > . . . > a„ > 0, — Oj G Z, 2aj G Z}. 
j 

There is a one to one correspondence between these highest weights 
and the irreducible representations of the simply connected Lie group 
Spin(n); a representation of Spin(n) factors through a representation 
of SO(n) if and only if all the coefficient are integral. 
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For any 6 e (Z/27rZ)™ let 

U0= i ■■. I e S0(2m), 

with R{9j) — ^ Tsinifij) cos(ef) ) • When n — 2m is even, the map 9 i-^ uq 
is an isomorphism of (Z/27rZ)'" with the maximal torus of S0(2m). 
When n = 2m + 1 is odd this isomorphism is given hj 9 ug = ( "j* ) • 
For any weight A, let x\ denote the character of the irreducible rep- 
resentation of highest weight A (that we may think of as a function on 
(Z/27rZ)'" by restriction to the maximal torus). We recall the Weyl 
character formula: 

(3-3) Xa(^) = Yl sgn(^/;)C«;(A+5)(^), 

where C\{9) = exp(i J2j '^j^j)) ^ is the Weyl group of SO(n), D is the 
Weyl discriminant of SO(n) given by 

m = U9) n (1 - = E sgn(w)U(0), 

aeA+ wew 

and S — ^ X^aGA+ is ^^^^ sum of the positive roots. 
For any fixed £ e IR consider the function 

F^{£, •) : SO(n) ^ R, F{£, u) = | det(e-^/27„ - e^/^u)\. 

This is clearly a class function on SO(n) and we can write it as a linear 
combination of irreducible characters. 

Proposition 3.2. When n — 2m + 1 is odd 

m / m—q \ 

(3.4) F^(i,u) = 2sinh(f) J](-l)« J] e'^') XrM 

q=0 \k=q—Tn / 

whereTg denotes the irreducible representation of S0{2m+1) of highest 
weight ci + . . . + eg 
When n = 2m is even 

m 

(3.5) F^ie,u) = ^(-l)«(e(-^)^ + e(«-)Ox.<,H 

q=0 

m—q 

XtAu) 
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where aq, < q < m denotes the irreducible representation of SO {2m) 
of highest weight ei + . . . + e,, o'm = o'm^^m '"'^^^ ^/ highest weight 
ei + . . . + 6^-1 icm. In the second line, Xt is evaluated at u G SO (2m) 
via the natural inclusion of SO {2m) C S0(2m + 1). 

Proof. We first treat the even case. Evaluating F2m{^, ■) at ug we get 
F2m{^,ue) = \det{e-'^^h^ + e'/\e)\ 

m 

= JJ (2cosh(£) -2cos(%)) 

m 

= ^(-1)^(2 cosh(£))"^-^^^,fc(^) 

fe=0 



where 

(3.6) Sm,k{0)= Yl 



k 



We can think of the functions Sm,k as class functions on SO (2m) 
and write them as a linear combination of irreducible characters. To 
do this, for any n, A; G N with 2k < n we define 

(3.7) No{n, k) = #{(ji, . . . , J,) e {1, . . . , n - 1}%+^ > + 2} 

(3.8) ^(^'^) = { Aro(n,A;) + Aro(n-2,fc-l) k>l 
We show in Lemma 13.41 below that 

[k/2] 

(3.9) Sm,k = 5^(-l)^iV(m + 2j - k,j)x.,_,^. 

j=0 

Plugging this in the above expression we get 

m 

F2m{^,ue) = 5^(-l)'=(2cosh(£))™-'=^„,fc 

fc=0 
m [fc/2] 

= E E(-l)'"''(2cosh(^))-'=iV(m + 2j - k,j)x.,_^, 

k=0 j=0 

m I [fc/2] \ 

= (-1)"^ E(-l)'"'(2cosh(^))^-2^iV(A;,j) 

fc=0 \j=0 J 
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The result now follows from the identity 

[fc/2] 

J2{-iy{2cosh{i))''-^^N{k,j) = 2cosh(A;£), 

3=0 

which can be easily proved by induction from the recursion relation 

Ti — 1 

(3.10) N{n,k) = N{n-l,k) + N{n-2,k-l), V 1 < A; < , 

together with the simple observation that N{2k, k) = 2 for all A; > 1. 
The second line of (13.51) is a consequence of the relation 

Xa^ + Xa^-i l<k<m 

which follows from the decomposition of the restriction of to SO (2m) 
into irreducible representations of SO (2m). 

Now for the odd case, evaluating F2m+i(£, ■) on ug = ^ ] gives 



(3.11) X 



2m+l 



= 2 sinh(£/2) Yl (2 cosh(£) - 2 cos{9j)) 

= 2sinh(^/2)F2„(£,M,), 

and the result follows directly from the even case. We note that using 
(13. lip we can also write 

m 

F2m+i{i,ue) = 2sinh(£/2)^(-l)'?(e(™-'')^ + e('?-")0x,,(w) 

<?=o 

with rig the virtual representation of SO (2m + 1) whose restriction to 
SO (2m) is cTg. □ 

We still need to prove the identity (13. 9p and the recursion (I3.10p . 
Lemma 3.3. The combinatorial terms N{n, k) defined in (13. Sp satisfy 

N{n, k) = N{n -l,k) + N{n -2,k- 1), 
for alll<k<^. 

Proof. In the definition of N^ln, k), for any choice of ji G {1, . . . , n — 
2k + 1} there are No{n — j — 1, A; — 1) choices for j2, . . . ,jk, leading to 
the recursion relation 

n-2fc+l 

No{n,k)= No{n-j-l,k-l). 
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Now, for k=l, N{n, l)=n = n- l + l = N{n -1,1)+ N{n - 2, 0) is 
trivial and for /c > 2 substituting N{n, k) = Nq^u, k) + NQ{n — 1, /c — 2) 
we get 

n-2fc+l n-2 

N{n,k)= Yl N{n-j-l,k-l)= J] iV(j,A;-l), 

i=i i=2(fc-i) 

implying that N{n, k) - N{n -l,k) = N{n -2,k~l). □ 
Lemma 3.4. The functions Sm,k defined in (13. 6p satisfy 

[k/2\ 

Sm,k = 5^(-iyiV(m + 2j - k,j)xa,.,,. 

j=0 

(as class functions on S0{2m)). 

Proof. To simplify notation we denote by Xk = X^k Xm = Xo-±- 
Let W denote the Weyl group of SO (2m), which acts on the weights 
ei, . . . , Cm by permutations and even sign changes. We recall the Weyl 
character formula 

1 - 

Xk{u) = J—- ^ Sgn(w)^^(5+e,+...+e,)(M), 

where icjiue) = e*^^, 6 = X]jLi("^ ~ half the sum of the positive 

roots, and D{u) = X]«,eVK ^S^(^)'^'"<5('") denotes the Weyl discriminant 
of SO (2m). 

We first prove the formula for k < m. Let 

iy+ = {w e H^|sgn(w) = 1} 

denote the subgroup of positive elements and observe that we can write 

Sm,k = ^ ] ^s(ei+...+efe); 

where 

Nk = #{w G W+\w{ei + ... + ek) =ei + ... + Ck}. 
Multiplying by the Weyl discriminant we get 

= Y sgn(ti;)^^(5+A) 
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where Ek = {ie^^ ± . . . ± ej^|l < ji < ... < jk < To get this 
last equahty, for each X E and w E W we collected together the 
elements s G satisfying that s(ei + . . . + e^) = wX. 

We can write any X E E^ as X = X]j=i/^i^i with fij G {—1,0,1} 
(with k nonzero entries). We note that if fij+i = fij + 1 for some 
< j < m — 1 or = Hj + 2 for some < j < m — 2 then the 
transposition Wjj+i (respectively Wjj^2) of ej and e^+i (respectively 
ej+2) sends 5 + A to itself. This implies that for any such weight A the 
sum Y.w€W^&^i^)^w(5+x) = 0. Consequently, the only weights A G -E^ 
that contribute to the sum are of the form 

(3.12) A = ei + . . . + ek-2e - ej^ + ej^+i + . . . - e^, + e^.+i, 
for some < £ < | where ji, . . . ,ji satisfy 

k-2e+l<ji<ji + l<j2<...<ji<m-l 
or of the form 

(3.13) A = ei + . . . + ek-2e - + e^i+i + . . . - ej^ - e^-^+i, 
for some < £ < | where ji, . . . ,ji satisfy 

k - 2£ + 1 < ji < ji + 1 < j2 < . . . < ji = m - 1. 

For each A satisfying f l3.12p or f l3.13p let wx denote the composition of 
the transpositions Wj^j.+i, i = 1, . . . , i. We then have that sgn(tt;A) = 
(-1)^ and 

wx{S + X) = 6 + ei + . . . + ek-2i, 

implying that ^T.w€W^Hp+^) = i-^YXk-2e- 

Now, for each 1 < £ < | there are precisely NQ{m — k + 2i,i) weights 
X E Ek satisfying fl3.12p and No{m — k + 2i — 2,i — l) weights satisfying 
fl3.13p . We can thus conclude that for any k < m 

[fc/2] 

S^m,k = J2{-lYN{m + 2i-k, i)xk-2i 
e=o 

For k = m we need to make small adjustments to the argument as 
there is no w G ly such that s(ei + . . . + e^) = ei + . . . + Cm-i — em- 
Let Wq denote the group of all sign changes (this is not a subgroup of 
the Weyl group as we allow odd sign changes as well). We can write 

Sm,m — ^ ^ ^s{ei + ...+em)i 
sdWo 
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and as before 

DSm,m = 5Z X] 6(ei+...+e™) 

w€W s&Wo 

= XI 5Z sgn(w)^^(5+A) 

AG-Em «)GH^ 

where Em = {±ei ± . . . ± Cm} as before. 

In this case, we get a contribution from all A G -Em satisfying fl3.12p 
and (13.131) . but also from the weight A = ei + . . . + e^^i — Cm, giving 
the formula 

[m/2] 

Sm,m = Xm + X+ + X(-l)'iV(2£,£)Xm-2£ 

[m/2] 

= J2{-iYN{2e,i)xm-2i 

□ 

3.3. The Weyl discriminant. Combining these results we get the 
following expression for the Weyl discriminant. 

Proposition 3.5. The Weyl discriminant can be written as 

m 

(3.14) D(7) = ^{Q X(-l)'?(e('"-«)^- + e(''-'")^-)x,,(m,), 

with m = p — ao{G), rjo, . . . ,rim virtual representations of M with rjQ 
trivial, and ipli) the weight function in (13.11) . 

Proof. We prove it separately for the orthogonal, unitary, symplectic 
and exceptional groups. 

Orthogonal groups: For G = SOo{n + 1, 1) we have that p = f and 
m = [^]. The formula follows immediately from Corollary 13.11 and 
Proposition 13.21 where T]g = CTg when n = 2m, and it is the virtual 
representation of SO (2m + 1) whose restriction to SO (2m) is when 
n = 2m + 1. 

Unitary groups: For G = S\J{n + 1, 1) we have p = n + 1 and m = n. 
Here, Corollary 13.11 implies that 

D{j) = F2n{i^,L^{m^))\2smh{Q\, 

with ti : M — )■ S0(2n) as in Proposition 13.11 The result follows from 
Proposition 13.21 with rjg = aq o n. 
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Symplectic groups: For G = Sp(n, 1) we have that p = 2n + 1, m = 
2n and the formula in Corollary 13.11 is 

D{'j) = F4(„_i)(£^,ii(m^))F3(2£^,i2("^7)), 

where ii : M — SO{An — 4) and L2 : M ^ SO (3) are as in Proposition 
I3.1[ Let (To, ... , (J2n-2 and tq, ti denote the representations of S0(4r;, — 
4) and SO (3) appearing in (13. 5p and (13. 4p . Consider the representations 
of M = Sp(n — 1) given by dg = aq o ii and fg = Tg o Using the 
expansions (13.41) and (13.51) for -F3(2£, ■) and -F4(n-i)(^, ■) we get 

■ m-2 



(m— z 
q=0 

m-2 

+ ^(-l)^(e('"-^-«)^- +e(«-'"+^)^-)Xs,(m^) 

5=0 
m-2 

9=0 

m— 2 \ 

- ^(-l)^(e(-2-«)^^ +e(^— 2)^^)x.,^.,K)) 

q=Q ^ 

m 

= 2sinh(£,) ^(-l)^(e(-'')^ + e(^-'")^)x,,K) 

9=0 

with r^o the trivial representation and rig the virtual representation 



( ~ 



Vq 



ui q=l 

^q + ^q-2 - o-g-2 ®h 2 < q < A 

^q + ^q-2 + 5-g-4 " crg^2 ® h 4<g<m-2 

2ffm-3 + ^m-5 " 0-^-3 ® ^ g = m - 1 

a-m_4 + - crm-2 ® h q = TU 



Exceptional group: For G = FII we have p = 11, m = 10 and we 
can write 

D(7) = F8(£^,.i(m^))F7(2£^,62K)), 

where ti : M — )■ GL8(C) and L2 : M SO (7) are the spin and orthog- 
onal representations of M = Spin(7). Note that the function Fs{i,-) 
is actually a class function on GL^iC) so this makes sense. However, 
<.i(m^) is not in the orthogonal group so we can't use Proposition 13.21 
directly. Nevertheless, since the weights of the spin representations are 
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{s\\ s eWo = {±1}^} with A = |(ei + 62 + 63) we have 

= n (^^'^' - ^'^'^^a) 

s€Wo 

= 2 cosh(4£) - 2 cosh(3£)^e.A + 2 cosh(2£) ^ ^is^+s,)x 

seWo {si,s2}cWo 

- 2C0Sh(£) ^ ^(si+s2+s3)A + ^ ^(si+s2+s3+S4)A 

{si,S2,S3}CWo {si,...,S4}CWo 

Using similar augments to the ones used in the proof of Lemma [3.41 we 
identify each of the above sums as a hnear combination of irreducible 
characters of Spin(7) to get 

Fs{i, Li{-)) = 2cosh(4£) -2cosh(3£)xA + 2cosh(2£)(xei+e2 +Xei + 1) 

-2 COSh(£)(xA + XA+ei) + 2(X2ei + Xei+ea+ea + Xei+ea + Xei + 1) 

For F-j{2(i^, L2{m^)) we can use Proposition 13.21 directly to get 

3 3~q 
q=0 k=q-3 

Multiplying the two expansions and collecting together terms with the 
same coefficients as we did for the symplectic groups we get that indeed 

10 

D(7) = 2sinh(£,) ^(e(io-«)^ + e('^-^°)^^)x,,K), 

q=0 

with ?7o trivial and r]g, g = 1, . . . , 10 appropriate virtual representations 
of M. 

□ 

4. Proof of Theorems [21 O and [D 

We can now use the alternating trace formula to relate the length 
spectrum with some combination of the representation spectrum. The 
remarkable point is that we can actually retrieve each one of the mul- 
tiplicities mr,r?q appearing in the formula (rather than just their combi- 
nation). The key to retrieving the individual multiplicities is the fact 
that when dilating the functions gq{Tv) they grow exponentially in T 
and different values of q correspond to different rates of exponential 
growth. Theorems [21 [3] and m will all follow from the following result. 

Theorem 8. Let G he as above and ri,r2 ^ G two uniform torsion 
free lattices. Assume that Di^{ri,r2;T) satisfies 

(4.1) DL(ri,r2;r)<e"^, 
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for some a G [0, p). Then mri,,,, = nirj,?;, for all q < p — a. 

Proof. We retain the notation m = p — with ao G {0, |, 1} (depend- 
ing on G). We note that the weight function in the alternating trace 
formula satisfies ip{C,) x e""^ for large £ > 0. 

Assume by contradiction that niri,,,^ ^ ^r2,j?9 for some q < p — a 
and let go denote smallest such q. We first show that the bound (14.11) 
implies that an appropriate grouping together of the complementary 
series must cancel. To do this we consider the difference between the 
alternating trace formulas for Fi and 

q=0 
m 

m 

q=0 i^feG(0,p) 

We can rewrite the third sum as 

m 

Y^~^y Yl ^^vM>^)9qii^k) 

q=0 Uk£{0,p) 
m 

= Y^-'^y Y ^^v,i^k){m^k + q)) + - q))) 

m 

= Y^i^^k) ^(-l)''(Am^^(zfc -q) + Am^^(xfc - q)) 

Xk q=0 

where 

m 

C{x) = 5^(-l)^(Am^,(x -q) + Am^,(x - q)). 

q=0 

Note that C{x) ^ only on a finite (possibly empty) set which is 
contained in {—m,p + m). We show that in fact C{x) = for all 
|x| > m — go- Otherwise, let Xq G {—m,p + m) with |xo| > m — qo be 
such that C(xo) 7^ and that C{x) = for all |x| > |xo| (we can find 
such a point as C(x) 7^ on a finite set). 



-Y^^^V)Y^ 



+ 



+ 
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Since we assume that qo < m + ao — a and that |a;o| > m — qo, 
we get that a — \xo\ < ao and we can find some c e [0, 1) such that 
q; — jxol < ctoc < tto (where c = iff = 0). We now estimate the 
two sides of the alternating trace formula with the test function 

sinh(ra;oj 

where lcT,r denotes the indicator function of [— T, —cT] U [cT.T]. 

Using tiie fact that < e-^l^''l for £ G [cT - 1,T + 1] and 

gri^) = for £ ^ [cT — 1, T + 1] we can bound the left hand side of the 
trace formula by some constant times 

T/i 

-T{\xQ\+aoc-a) 

which goes to zero as T ^ oo. 

For the right side of the trace formula, for any i/ e R we can bound 

implying that for all ^ > go as T — > oo 

^ \ Am^^{wk)\\gT,q{vk)\ 0. 

If go > then the minimality of go implies that Am^^ = 0, and since 
?7o = 1 is the trivial representation we get that = (e.g., from 
Weyl's law). In the case when go = 0, then m — |a;o| < and the 
bound \gTM\ < Te^("'-l''"l)|^g(i/)| implies that j^gT,q{i^)liq{i^)di' ^■ 
0. Consequently, the only part of the right hand side of the formula that 
does not vanish in the limit is the finite sum Yli\xk\<\xo\9T{'''^k)C{xk) 
which converges to C{xq). Since the left hand side of the formula goes 
to zero we get that C{xq) = in contradiction. 

Next we show that Am^.^^ [w) = for e M. To do this we fix 
vq G (0, oo) and estimate both sides of the alternating trace formula 
with the test function 

... ^(1) cos(£i/o) 



Tg{iT{m-qo)y 



where g G C°°(M) is even and supported on (— 1, — c) U (c, 1) with 
c G [0, 1) satisfying that go — m + a < ccto < olq (again c = iff 
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ao = 0). We note that since g is supported on (—1, — c) U (c, 1) we can 
estimate 

e'^ < gm < 

for any c < c' < 1. 

For the left hand side, using (14. ip together with the bound 

for any c' G (c, 1) and the fact that g{i) = for £ G (— c, c), the 
same argument as above gives a bound of 0{e~^^^''^~'^°'>^ +aoc-a)y Since 
qo < m — a + a^c we can choose c' sufficiently close to one to insure 
that the left hand side goes to zero as T — )■ oo. 

Next we estimate the right hand side. For x G {—m,p + m), if 
< m — go? then 

g{tT{m - go)) 
and if \x\ = m — then 

^(T(z(m - go) + z^o)) +^(^(^("^ - g) - ^^o)) ^ 1 
g{iT{m - go)) Tuq 

Since we already showed that C{x) =0 for |x| > m — go we get that 
the contribution of the complementary series gT{ixk)C{xk) — )■ as 
T^oo. 

For u e R we can estimate \gT,q{i^)\ <n i+||^|1J°|jv for all g > go, 
while a u = then gT,q{^o) — 1 as T — )■ oo. Consequently, the 
right hand side of the trace formula converges to (— l)''''Am^_j^ (iz/o), 
and comparing to the left hand side we conclude that Am^^^^ (iz/o) = 0. 

We have thus shown that Amo-q^(2z/) = for all G M \ {0}. Con- 
sequently, Theorem O implies that AL^^^^ = and hence Am^_j^(z/) = 
also for z/ G [0, p). □ 

4.1. Proof of Theorem [H Assume that DL(ri,r2;r) < e"^, with 
< a < p. Then Theorem [8] implies that mri,,,^ = nir2,,7o- -^^^ Vo is 
the trivial representation of M and hence mri(7ri_i,) = mr2(vri_,^) for all 
ue{0,p)UiR. 

4.2. Proof of Theorem [Si When G/K is not an odd dimensional 
real hyperbolic space the threshold ao > 0. Assume that 



E 

£<T 
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with < a < ao- Then Theorem M imphes that io^ri,r]q = ^r2,r]q 
for q = 0, . . . ,m. Since these are all the representation appearing in 
the alternating trace formula we get that for any even test function 



e£Ls° j=i ^^-^ ' 

But this can only happen if Am°(£) = for all £ G M (otherwise, 
taking g supported around the smallest I where Am°(£) ^ will give 
a contradiction). 

4.3. Proof of Theorem [H Let G = S0o(2m + 1, 1) and Ti, Ta C G 
two uniform torsion free lattices. Assume that mp^(£) = vi^J^£) for 
all £ G M except perhaps a finite set {£i, . . . ,ik\. We thus have that 
DL(ri,r2;r) = 0(1) and Theorem [H] implies that lS.va.„^{v) = for 
< g < m — 1. This also implies that vol(ri\G) = vol(r2\G) and 
hence the alternating trace formula takes the form 



j = l q = l f&Sam 

Using Poisson summation, for each fixed £j we can substitute 

oo 

E^(^^^) = o(E^^(^^^)-^(o)) 



2 

q=l qel 



i(E^^-f(0)) 



E 



g{27iq/ij) g{0) 
2 

q=0 ^ 



Plugging this back into (14. 2 p replacing g{0) = 2 g{i')di' we get 

) 

g{u)dv 



fc oo 1 / ^ 

2 EE^^°(^^)^(27rg/£,) - - K^£,Am°(£, 

j = l q=0 \j = l 

= (-1)™ 



This holds for any even holomorphic function g of uniform exponential 
type. Since these test functions are dense in C[0, oo) we get an equality 
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of the corresponding measures 

fc oo ( ^ \ 

i=i 9=0 \i=i / 

= (-ir 2Am.„(z/)<5(x-^z/). 

Since there is no continuous measure on the right hand side we must 
have that ^jAm°(£j) = so that {£i, . . . are indeed hnearly 

dependent over Q. 

Moreover, this formula gives additional information on the spectral 
parameters having different multiplicities. Specifically, we get that 
Am^-^ [y] 7^ only when v G zM"^ satisfies e^^^ = 1 for some j = 1, . . . , k 
(that is, when = ^) in which case 

k 

2Am.Jz/) = (-ir ^™°(^^)- 



5. Spaces with similar length spectrum 

In order to prove Theorem [5] (which excludes the possibility of a 
positive density threshold in Theorem [2]) we need to find pairs of lattices 
for which the length spectrum is as similar as possible. To do this, we 
borrow the examples constructed by Leininger, McReynolds, Neumann, 
and Reid [LMNRj of non iso-spectral manifolds having the same length 
sets. Their construction is based on a modification of the Sunada 
method jSu85j . for constructing non isometric manifolds having the 
same length spectrum. We start by recalling the Sunada method and 
in particular his formula for multiplicities of the length spectrum of a 
finite cover. 

5.1. Splitting of primitive geodesies in covers. Let Ai = T\H 

be as above, let Fq C F denote a finite index subgroup and let A^q ~^ 
Ai the corresponding finite cover. We recall the analogy between the 
splitting of prime ideals in number field extensions and splitting of 
primitive geodesies in finite covers. 

Let p denote a primitive conjugacy class in F (corresponding to a 
primitive geodesic in A^). We say that a primitive conjugacy class *P 
in Fo lies above p (denoted by *^3|p) if there is some 7 G p and a natural 
number / such that q = [7-^]ro- We cah / the degree of ^ and denote 
/ = deg(^) (this does not depend on the choice of representative 
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7 G p). We note that if . . . , are all the primitive classes above 
p,then E;=i/. = [r:ro]. 

Assume further that Fq is normal in F. Let ^i, . . . denote all 
the primitive conjugacy classes in Fq lying above p. Then the group 
A = F/Fo acts naturally on {^i, . . . , by permutation. To any class 
*P|p we attache an element o"(p G A which generates the stabilizer of *P 
in A (specifically, if *^ = [7-^]ro ^oi some 7 G p then crsp is the class of 
7 in A = F/Fq). We note that the conjugacy class of a<^ in A depends 
only on p and we denote it by cxp. 

The analogy with splitting of prime ideals in extensions of number 
fields is evident from our choice of notation: primitive classes corre- 
spond to prime ideals, (normal) covers to (normal) field extensions, 
and the element asp and class Up to the Frobenius element and Frobe- 
nius class in the Galois group. 

5.2. The Sunada construction. We recall the general setup for the 
Sunada construction. Let Ai = T\H as above, let Fq C F denote a 
finite index normal subgroup and let A = F/Fq. Let B C A denote a 
subgroup and let Fq C F^ C F such that F^/Fq = B. Fix a primitive 
class p in F and a class *p|p in Fq. Let qi, . . . , denote all the classes 
in Fs above p and let fj = deg(qj). 

The length spectrum for F^ can be recovered from information on F 
and the data on the splitting degrees as follows: 

n 

(5.1) m°J£) = ^ '^B{p,d), 

d=l £p=£/d 

where n = [F : Fq], the second sum is over all primitive classes in F of 
length i/d and 

(5.2) Ab{P, d) = #{q : deg(q) = d and q|p}, 

encodes the splitting type of p. 

The information on the splitting type encoded in ^^(p,*^) can be 
recovered from information on the finite groups A and B. To do this, 
let xb denote the character of the representation of A given by the 
action of A on co-sets in A/ B, that is 

r5 SI V ia\ - l^^(")ll(Mni^)| _ IMni^l . 
^^•^^ ^^^''^ \B\ M^V ■ ^' 

where [a] denotes the conjugacy class of a in ^. We then have that 
(see |Su85t Proof of Theorem 2]) 

XB«) = $^/i = $^rf^B(P,^^), 

fj\m d\m 
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and using Mobius inversion we get 

(5.4) ^B(p,m) = - V/i(m/d)xB(a^), 

where /i(m) is the Mobius function. 

Since the value of Xb^o) is determined by |[a] fl B\, we see that if 
51,^2 ^ ^ satisfy that |[a] fl Ei| = |[a] fl Eg] for all a G A then 
and Y ^2 are length equivalent. In fact, this condition implies that the 
two spaces are also representation equivalent (see |Su85j ). 

5.3. Lattices with the same length sets. Leininger McReynolds 
Neumann and Reid showed in |LMNRj that, in the same setup, if 
we assume the weaker condition that |[a] fl ^ if and only if 
I [a]ni?2| 7^ for any a G A, then Vb^ and Vb^ have the same length sets. 
Moreover, under additional assumptions on the groups A,Bi,B2 (see 
[LMNRl Definition 2.2]) one can guarantee that the primitive length 
sets are the same. In the same paper they constructed explicit examples 
of triples -81,-82 ^ ^ satisfying these conditions and showed that these 
groups can be realized as quotients of lattices in any of the rank one 
groups. 

We briefly recall their examples. Let p G Z denote a prime number 
and assume that it is inert in the imaginary quadratic extension K = 
Q{i). In this case we have that the ideal (p) = pO is a prime ideal in 
O = Z,[i] and the quotient O/pO = ¥q is the finite field with q = p^ 
elements. We then have the following inclusion of exact sequences 

1-^ Vp ^ PSL2(Z/j92Z) ^ PSL2(Fp) ^ 1 

1^ V, ^ FSL2{0/p^0) ^ PSL2(F,) ^ 1 ' 

where Vp ^ sl2(Fp) = {X G Mat2(Fp)|Tr(X) = 0} via 

sl2(Fp) I + pX EVp, 

and and similarly Vg = sl2(Fq). Inside sl2(Fp) = Fp we have the plane 

R^i¥p) = {(4 J'J G s\2i¥p)\x,y G Fj. 

As shown in |LMNR] , in any rank one group G there is a uniform lattice 
F that surjects onto A = PSL2{0/p'^0) for infinitely many values of 
p. In this case, the lattices Tb^ and F^a, corresponding to -Bi = 
and B2 = {/ + pX\X G R-^{¥p)}, have the same primitive length sets. 
We now take a closer look at this example and analyze the difference 
between the multiphcities. 
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5.4. Computing the splitting types. Let T denote a uniform lattice 
in a rank one group G and assume that there is a surjection 

: r ^ A = SL2{0/p^0). 

Consider the following finite index subgroup: Tq = ker^ip), = 
^-\Vg) and Tj = (p-^{Bj), j = 1,2 where Bi = Vp = {I + pX\X e 
sl2(Fp)} and B2 = {I + pX\X e R^{¥p)} as above. We note that Ty^ 
and Tq are both normal subgroups of F. 

To get hold of the splitting types of primitive classes p in F we need to 
count how many elements lie in the intersection of each conjugacy class 
with each of the above subgroups. Since Vg is normal in PSL2(C/p^C) 
a conjugacy class intersects Vg if and only if it is contained there. Fur- 
thermore, since Vg is commutative, the action of PSL2(C/p^C) on Vg 
by conjugation factors through the quotient PSL2(Fq). The following 
lemma describes the PSL2(Fq) conjugacy classes in = sl2(Fg). 

Lemma 5.1. |LMNR[ Lemma 4.2] For each Q e¥* the set 

CQ{¥g) = {Xe sl2(F,)| det(X) = -Q} 

is a conjugacy class. In addition to these classes and the trivial class 
there are two nilpotent classes with representatives (10) and ( ^ [j ) with 
£ e F* not a square. Moreover, for any X G sl2(Fg) the size of its 
conjugacy class is given by 



\[X]\ 



1 X = 

qiq + 1) XeCg, gG(F*)2 
g(g-l) XgCq, gGF*\(F*; 
X is nilpotent. 



2 



We now compute the size of the intersection of each of these classes 
with Vp ^ sl2(Fp) and R^(¥p). 

Lemma 5.2. For any X G sl2(Fq) we have 



( xeCQ{¥g), Qgf*\f; 
1 X = 



|[x]nsi2(Fp)| = <^ 



Pip + i) xgCq(f,), Qg(f;)2 
p{p-i) xeCQ{¥g), qg f;\(f;)2 

2—^ X is nilpotent 



XeCQ(¥g),Qe¥;\¥; 
\[x]nR^{¥p)\ = { 1 x = o 

otherwise 
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Proof. The first part follows from the previous lemma together with the 
observation that CqiWg) nsl2(Fp) = CgiFp) and that the intersection of 
a nilpotent conjugacy class with sl2(Fp) is the corresponding SL2(Fp) 
conjugacy class. 

For the second part, note that 

Cq(F,) n i?^(Fp) = {(4 J'J \x,y e ¥p,x^ -y^ = Q}, 

which is of size p — 1 for any Q G F*. The only nontrivial elements in 
i?-*- not yet accounted for are the ones with zero determinant. There 
are 2{p — 1) such elements and since X is conjugated to (i o) if and 
only if eX is conjugated to ( ^ [] ) we have exactly p— 1 elements in each 
of the remaining two conjugacy classes. □ 

Fix a primitive conjugacy class p in F, a primitive class *P in Fq above 
p, and let Usp G A denote the "Frobenius" element. (That is, = ^9(7) 
for 7 G p satisfying that b^^^^^^^Jro = 

Since Fy is normal in F, 
there is a natural number do = do{p) such that any 7 G p satisfies that 
^do jg priixiitive in Fy^. Consequently, we have that cr^ G if and only 

if do\d and that Avgip,d) = j^^Sd^do- We now compute the splitting 
types for Bi and 

Lemma 5.3. For j = 1,2. If a^" = 1 then ^B^,(p,d) = -j^^Sd,do- 
Otherwise 

AB,{p,d) = ' 5d,d, + 5d,pd,- 

"0 P"o 

Proof. Since cXp G if and only if d^ld we get that Xb^ (<7p) = unless 
d = kdo for some G N, and hence ^^^(p, d) = unless d = md^ for 
some m G N. 

If = 1 then 0^"^° = 1 for all k e N, and hence XB,{(Jp'^°) = 
for all A; G N. Using (15. 4 p we get that in this case 

k\m 

When a^' 7^ 1 we write = I + pXo with Xq G sl2(Fy) nontrivial. 
In this case, a^'^^ = [I + pX^)'^ = I + pkXQ. In particular, if p\k then 
^kdo _ ]^ g^j^^ again XSjicTp^^) = For k prime to p, if Xq G Cq 

then kXo G Ck2Q and if X ~ ( « []) then kX ^ ikco)- Thus, the sizes 
of the conjugacy classes of [/cXq] and [/cXq] fl Bj don't depend on k so 
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XB,{a^'^') = XB,(c^p°)- Using (El we get 

k\m 

k\m k\m 
(fc,p)=l p\k 

When {m,p) = 1, the second sum is empty and the first sum is 
Sfc|m/^(T) ~ ^rn,i- When m = prh with {rh,p) = 1, the second sum is 
Sm,i and the first sum is 

k\pm k\m, 
{k,p)=l 

Finally, when m = p^m with k > 1, both sums vanish. We thus get 
that in any case where Xq 7^ we have 



□ 



5.5. Proof of Theorem \^ Theorem O follows from the following 
proposition with p a sufficiently large inert prime. 

Proposition 5.4. Let T2 ^ Ti C T be as above. Then there is a < 2p 
such that 

p+l 

Proof. We separate the primitive classes in F into 5 types as follows. 
Let do = do{p) as above and write a^' = I + pXo with Xq G sl2(Fg). 
We then say that p is of trivial type if Xq = 0, and of nilpotent type if 
Xo is nilpotent, and we say that p is of irregular type, quadratic type, 
or non-quadratic type if Xq G CgiWq) with Q G F* \ F*, Q e (F*)^ or 
Q G F; \ (F;)2 respectively (recall that F; C (F*)^). Note that even 
though Xq depends on the choice of ^ above p, this characterization 
depends only on p. 

Consider the partial counting functions mtr, mir, mqr, mnq and mni 
each given by 



m/(£, d) = #{p of type I\do{p) = d and £p = i/d}. 
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where / is one of the types: trivial, irregular, quadratic, non-quadratic, 
and nilpotent. For the non-trivial types we define additional counting 
functions 



mi{i, d) = #{p of type I\pdo{p) = d and ip = i/d}. 



Let n = \A/Bi\ = p3|pSL2(Fp 



Using Lemma 15.21 we can 



compute XBj{o'^°) for each type of p and using Lemma 15751 we get that 
( Sd,do P is trivial 

p is irregular 



p^d,pdo 



AbAP, d) = ^\ fir^^d^do + ^j^Sd,pdo P is quadratic 
do 

pT^^dA) + $^^d,pdo P is non-quadraric 



Jrri'^d.do + ^^^d,pdo P is nilpotent 



and 



n 
do 



P^d,do 


p is trivial 


^d,pdo 


p is irregular 


p-l r 1 p''+p2-p+l e 
< p-i+p^d.,do 1 p4_,_p2 ^d,pdo 


p is quadratic 


p-l r 1 p''+p2-p+l r 
p3_^_p"d,do ' p-^+p^ "d,pdo 


p is non-quadraric 


p^— p r 1 p*— 2p+l r 
pi-l^d,do ' p'i-l ^d,pdQ 


p is nilpotent 



Using (15. ip for mp^, (£) and summing separately over classes of each 
type we get that 



d\n 



-f^m,q(£, d) + jermnil^, d) + d) 
+^mq,(£, d) + ^mnq(^, d) + ^m,i(^, d)^ ^ 



and 
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d\n ^ 



H mnq( 



Prom these formulas one can directly see that, indeed, Fi and r2 have 
the same primitive length sets. Moreover, we get the following formula 
for the difference of the multiplicities 



!|n 
„3 „2 



74rr' "^ni(^, d) + ^mi,(£, d) 



We can also separate the sum over all classes in F of length< T 
into the different types; consequently, if we define 'Ki{T) and 7ti{T) 
respectively by 

^^(^) = EE^^^(^'^)' ^^(^) = EE^^^(^'^)' 

€<T d\n e<T d\n 

we get that 

(5.5EK.(^)-ni^,(^)) = (p - l)^,,(r) + 2!^f^7rni(r) 



^g^7rqr(r). 



Form the Prime Geodesic Theorem we know that for each of the two 
lattices E^<t ^^r,- (•^) = Li(e2'''^) + 0(e'*'^), with a < 2p. Hence, the 
difference (without absolute values) satisfies 



EK.(^)-m^^(£)) = 0(e"^). 
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This estimate together with f lS.Sp imphes that 



(5.6) -4-7r,,(T) = (p - l)rr,,{T) + Sl^I^n^T) + 'i^nUT) 



„4_p3_ 

On the other hand, we can bound 



p4:^mqr(^,rf) 

d\n 

implying that 

p4_p3_)_p2_p p^-p3_p-H 
"T p4+p2 ^nql,J J -t- p4_i TTnil^J J 

+ p^^qr(r) = ^vr,r(r) + 0(e"^). 
where the last line follows from (15.61) . Finally, since 

:(T) < ^m°^(^) = Li(e2''T) + 0(e"T), 



pS+pTTqrV 



we get that indeed 



^ |m°^(£) - m°^(£)| < ^^^^ + 0(e"^) 



□ 



5.6. Comparison to splitting of primes in number fields. In the 

examples constructed above, the volumes of the two non iso-spectral 
spaces grow with p. It is thus possible that a positive density threshold 
can hold under the additional assumption that the volume is uniformly 
bounded. To illustrate this we will look at a similar situation in the 
analogous question regarding the splitting of prime ideals in number 
fields. 



REFINEMENT OF MULTIPLICITY ONE 



43 



Let K/Q denote a finite field extension and Ok the corresponding 
ring of integers. For any prime number p G Z we have a decomposition 
pOx = Pi^ ■ ■ ■ Pr"^ with pj C Ok the prime ideals dividing p and Cj the 
ramification degrees (which are all one except for the ramified primes 
dividing the discriminant). Each quotient Ok/Pj is a finite field of 
order p^^ where fj denotes the inertia degree of pj. The splitting type 
of p in is then given by the numbers AxiPyd) = i^{j\fj = d} for 
d=l,...,n=[K -.Q]. 

Let Ki,K2 denote two number fields. We say that a prime number 
p E Z have the same splitting types in Ki and K2 if Aki {p, d) = 
Ak2{p, (i) for all (i = 1, . . . , n. In |Pe77t Theorem 1], Perils showed that 
if all but finitely many primes have the same splitting types in Ki and 
K2, then all primes have the same splitting types. In this case the fields 
have the same Dedekind Zeta functions, but they are not (necessarily) 
isomorphic; such fields are called arithmetically equivalent fields. 

The finite set of exceptions in Perlis's theorem can be replaced with 
an infinite set of density zero. A positive density threshold that is 
independent of the number fields probably does not hold. Nevertheless, 
it is possible to give a positive density threshold which depends on 
the degree of the smallest Galois field L/Q containing Ki and K2. 
Specifically, one can show 

Proposition 5.5. In the above setting, for any 1 < d < n if the set 

-Pbad(c?) = {p unramified|^ii'i(p, d) 7^ Ak^^P, d)} 

has Dirichlet density smaller then l/|Gal(L/Q)| then Phad{d) = 0. In 
particular, if PhaA = U^^;^Pbad('^) has density below l/|Gal(L/Q)| then 
Ki and K2 are arithmetically equivalent. 

Proof. The proof is a direct result of Chebotarev's Density Theorem 
combined with the following observation. For any prime p denote by cXp 
the Frobenius conjugacy class in Gal(L/Q). Denote hy A = Gal(L/Q) 
and by Bj = Gal{L/Kj). Then (using the same argument as in section 
15.21) the condition Ak^ {p, d) 7^ Ak2 {p, d) is equivalent to the condition 

^li{d/m)xBM^) 7^ ^/i(rf/m)xB2(ap"^), 

m\d m\d 

where xb, is, as before, the character of the permutation representation 
of A on A/Bj. 
Consider the set 

5bad(ci) = {a e A\^^i{d/m)xBM'") I^{dlm)xBM'")]- 

m\d 'm\d 
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This set is invariant under conjugation in A and satisfies that 
-Pbad(c?) = {p unramifiedlcTp G S'bad('i)}- 

Now, the Chebotarcv density theorem imphes that Pbad(c^) has Dirich- 
let density 1 5(^)1/1^1. Thus if the density of Phad{d) is smaller then 
l/\A\ then Sbad{d) — implying that Pbad{d) — $ as claimed. □ 

Remark 5.1. It follows from the proof that if Pbad(l) = then also 
'S'bad(l) = implying that xbi = XB2 and hence that Si,a,did) = for 
all d. Consequently, we see that to prove arithmetic equivalence one 
does not need to consider the full splitting type but only the number 
of prime ideals of inertia degree one dividing each prime. 
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